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The effective coefficients of piezoelectric fiber-reinforced composites (PFRC) have been determined through
micromechanical analyzes. The method of cells (MOC) and the strength of materials (SM) approach have been
employed to predict the coefficients. A constant electric field is considered in the direction transverse to the
fiber direction and is assumed to be the same both in the fiber and the matrix. MOC and SM predictions for
the effective piezoelectric coefficient of the PFRC assessing the actuating capability in the fiber direction are in
excellent agreement. It has been found for the piezoelectric fibers considered that, when the fiber volume fraction
exceeds a critical fiber volume fraction, this effective piezoelectric coefficient becomes significantly larger than the
corresponding coefficient of the piezoelectric material of the fiber. The methods also show the excellent matching
of the predictions of the effective elastic constants and the dielectric constant of the PFRC in the useful range of

fiber volume fraction.

Introduction

IEZOELECTRIC materials exhibit material deformations due

to an applied electric field and induce electric charges in re-
sponse to applied mechanical loads. The use of piezoelectric mate-
rials as actuators and sensors is attributed to these two phenomena.
‘When bonded with orembedded in flexible structures, these materi-
als provide the structures with self-monitoring and self-controlling
capabilities. A great deal of research has been carried out during
the past decade'~!7 to achieve active control of high-performing
lightweightflexible structurescalled “smartstructures,”’using piezo-
electric materials as distributed actuators and sensors.

Further efforts toward improving the active damping led to the
developmentof an active constrained layer damping (ACLD) treat-
ment, which combines the attributes of both passive and active
damping.'®=2 In ACLD, the active partof the dampingis also due to
the use of piezoelectricactuatoras a constraininglayer. Thus, piezo-
electric materials are playing a major role in achieving active damp-
ing in smart structures. However, the existing monolithic piezoelec-
tric materials being used in smart structures possess low control
authority because their piezoelectric stress/strain constants are of
small magnitude. Because the active damping of smart structuresis
dependent on the piezoelectric stress/strain constants, tailoring of
these properties may further improve the damping characteristicsof
lightweight flexible structures.

Currently, piezoelectric composites are being effectively used
for underwater transducers and medical imaging applications 2! =23
These composites show improved mechanical performance, elec-
tromechanical coupling characteristics, and acoustic impedance
matching with the surrounding medium over the piezoelectric ma-
terial alone. The research on the developmentof piezoelectriccom-
posites is mainly directed toward the micromechanical estimates of
their mechanical and electromechanical properties?*~2 Aboudi®®
carried out a micromechanical analysis to predict the effective co-
efficients of piezoelectric fiber-reinforced composites, considering
different electric fields in the fibers and matrix that are related to
average composite electric field. His prediction for the piezoelectric
constant, which givesrise to actuationin the fiber direction,does not
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show any improvementover that of the piezoelectricmaterial alone.
Smith and Auld®* predicted marginal improvement of the effective
piezoelectric constant of the piezocomposite that quantifies the de-
formationsin the fiber direction. The constructionalfeatures of their
compositesare thatthe rods of piezoelectricmaterials are embedded
vertically, that is, aligned along the thickness of the composite, in a
polymerbase matrix such that the electricfields are appliedalong the
length of the piezoelectric fibers. Such an arrangement of fibers in
the composites results in the necessity of tuning the thickness mode
of oscillations before using them as transducers. Smith and Auld**
assumed that the electric fields were the same both in the fibers and
in the matrix. To use the piezoelectric composites as the actuators
for flexural vibration control of smart structures, the piezoelectric
fibers should be oriented longitudinally to render a bending mode
of actuations. However, for unidirectionalfiber-reinforced compos-
ites, it may be practically difficult to apply a constant electric field
along the length of the fibers when the fibers are very long and the
fibers are aligned with the longitudinaldirection. The most practical
option is to apply the electric field across the thickness of the com-
posite, that is, in a direction transverse to the fiber direction. Also,
becausethe thicknessof the layer of a compositeis usually very low,
it may not be difficult to maintain a constantelectric field across the
thickness of the composite. Hence, this paper is concerned with
the predictions of the effective elastic and piezoelectric coefficients
of unidirectional piezoelectric fiber-reinforced composites (PFRC)
subjected to a constant electric field acting in a direction transverse
to the fiber direction. The main focus is to determine the effective
piezoelectric coefficient of the PFRC that determines the induced
normal stress in the fiber direction. Note that this induced stress is
a measure of control authority of the actuator made of PFRC. No
literature is currently available to compare the predictions. Hence,
two methods of micromechanics have been employed to validate
the predictions of these effective coefficients.

Effective Properties of Piezoelectric Composites

Figure 1 shows a schematic representation of a lamina made of
PFRC. It is assumed that the proposed composite is homogeneous,
the fibers are continuous and parallel, and the fiber and matrix ma-
terials are linearly elastic. The fibers are subjected to a constant
electric field in the direction transverse to the fiber direction, and
the electric field is assumed to be the same both in the fibers and
in the matrix.?* In this regard, note that, in the linear constitutive
equations of any piezoelectricmaterial, the elastic and piezoelectric
coefficients are defined at a constant electric field.?’ This section
deals with the procedure of employing two methods of microme-
chanics, namely, the strength of materials approach (SM) and the
method of cells (MOC), to determine the effective piezoelectric co-
efficients of this lamina.
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Fig.1 Schematic diagram of a lamina of PFRC.

Matrix Piezoelectric Fiber

Fig.2 Longitudinal cross section of a representative volume of PFRC.

SM Approach

In general, the micromechanical analysis is confined to a re-
presentative volume (RVE) that includes both fiber and the sur-
rounding matrix. Figure 2 describes the longitudinal cross section
of such a representative volume of the lamina shown in Fig. 1. The
piezoelectric fibers are oriented longitudinally, that is, along the
x axis. The matrix material is a polymer and is piezoelectricallyin-
active. Althoughthe fibers have been taken to be rectangularin cross
section, the actual shape of the fibers does not affect the predictions
of the properties effective in the fiber direction. The constitutive
relations for the material of the piezoelectric fibers under the action
of a transverse electric field only are?’

ol =C e’ +CY, er+ Cl, e’ —e)\E. (1)
o) =Cl,el +Cl el + Cl el — e E. )
o? =Clel +CY, er+ Ci e’ —elE. 3)
ol =Cy, €. )
ol =Css €l Q)
of, = Cg el (6)
D! =ef el +ef €l +eb el +elE. @)

and those for the matrix material are

ol = Cy e+ Chel + Oy er ®)
ol = Clh el +Ch el +Cpy el ©)
o = Cly el + Oy el + Cy e (10)
ol = Cp el (11)

ol = Clel (12)

oy = Cs €5y (13)

DY =e3;E. (14)

in which, o, oy, and o. are the normal stresses in the x, y, and z
directions,respectively;o,. and oy are the transverse shear stresses;

oy is the in-plane shear stress; €, €,, €, €,:, €,:, and €,, are the
corresponding strains; C;;, i, j=1, 2, 3, are the elastic constants;
e3; and e3; are the piezoelectricstress constants; €33 is the dielectric
constant; D, is the electric displacementin the z direction; and E.
is the electric field applied across the thickness of the lamina, that
is, along the z direction. The superscripts p and m denote the fiber
and matrix, respectively. Note that the piezoelectric constants ez,
and e3; are the measure of induced normal stresses in the x and
z directions, respectively, due to the applied unit electric field in
the z direction. The objective of this section is to determine the
correspondingpiezoelectricconstants of the overall composites. It is
assumed that no slippage occurs at the fiber—matrix interface during
the longitudinal mode of deformation. This implies the existence
of perfect bonding between the fiber and matrix. Thus, the normal
strains in the x direction are the same in both phases and are equal
to the composite strain €7, thatis,

el =€ =¢€f (15)

X

Also, it is assumed that the lateral stresses in the y and z directions
are the same in both phasesand are equal to the respectivecomposite
stresses, oy and o, that s,
ol =o' =0} (16)
of =o" =0f a7

By the use of the rule of mixture, the normal strains € and € in
the PFRC in the y and z directions, respectively, can be written as

ej =v/-e§?+ (I -wvy) e’;? (18)
e =v,el+ (1 —-vy) el (19)
where v is the fiber volume fraction. By the use of the relations
(2),(3), (9), (10), and (15-19), the normal strains €/, and €’ can be

written in terms of the composite normal strains ei, €, and € and
the electric field E., as follows:

e’= (1/L)(c1 €5 — e, €% —es€5 —¢4E-) (20)
€r= (1/L)(—¢s € + s € +er €8+ ¢E.) 1)

where

2
L= (0,5 +v,05)(0,C0 +v,0%) — (v,Ch +v,C)
e =v,[(Ch, — ) (v, CL +v,C)
= (¢l = ) (va €l + v, C) ]
_ Cm ( C[’ + _Cm ) _ Cm ( C[’ + _Cm)
€2 =0\ Unly T Vsl 2 (Unls; = Vrls;
_ Cm ( C[’ + _Cm ) _ Cm ( C[’ + _Cm)
€3 = L33\ Unly T Vsl 23 (Unls; = Vrls;
s =, [l (v, C + v,Ch) — el (v,CL + v, ]
es =v,[(Cl, — ) (v,Ch +v,C)
(¢, = ) (v €l + v, €3]
_ Cm ('U C[’ + v _Cm ) _ Cm ('U C[’ + v _Cm)
Co = L3\ Unly, Y22 22\ “m¥*23 f%+23
=C" ('U C[’ +v C" ) —c ('U C[’ +v _Cm)
€7 = L33\ Unly, Y22 23\ ¥m%3 f%+23

s = v [y (0, CL, + v,C) — ey (0,CL +0,C2)]

Axial forceequilibriumof the compositerequires that the composite
stress of in the x direction can be written using the rule of mixture
as

o =v ol + (1 —vy)o) (22)
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Substitution of Egs. (1) and (8) into Eq. (22), in conjunction with
the use of relations (18-21), yields the final expression for o, as
follows:

oy =C?1€§+CT2€;+CT3 € —e3E. (23)
in which CY,, C{,, and C{; are the effective elastic coefficients of
the PFRC and €, is the effective piezoelectric coefficient of the
PFRC that quantifies the induced normal stress in the longitudinalx
direction due to the unit electric field acting in the z direction. The
expressionsfor C{,, C{,, and C{, are not shown here. However, they
can be easily identified while deriving Eq. (23). The expression for
e5, is obtained as follows:

€5, = vysey — (’U,,I’U/-/L){(C{g - C’I]g)[(vm ), + 'U/'C;zz)egg
- (’U,”CZ + 'U/'Cizlg)egl] + (sz - C’l”z)[(va; + ’U/'C?S)eé)l

—(va €L + v 0m)el ]} (24)

In a similar manner, when Eqs. (2) and (3) and (16-21) are used, the
other effective piezoelectric coefficients €5, and e$;, which quantify
the induced normal stresses in the y and z directions, respectively,
due to the applied unit electric field in the z direction are obtained
as follows:

e, =ej + (vm/L){ng[(va; + 'U/'C’2”3)e§3
= (0 + 0,5 ), ] = L[ (0L, +0,Ch)esy
— (v.C% +v,05)ed ]} (25)
e, =e. + /L){C” [(’U Cl +v,Cy )e”
33 33 m 23 \UnCa r&23)€33
- (vm C+ ’U/'ng)egl] - C; [(vm C, + 'U/-C’z”z)e§3
— (v.C% +v,05)el ]} (26)
MOC
Toemploy the MOC, the RVE is subdividedinto an MN numberof
rectangularparallelepipedsubcells, with M and N being the number
of subdivisionsalong the width and height of the RVE, respectively.
Figure 3 illustrates the transverse cross section of such an RVE. The
volume of each subcell is

Vg = £bhg 27)

where the indices o and g identify the location of the subcell in the
RVE in the y and z directions, respectively,and b, kg, and £ are the

Z
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Fig. 3 Transverse cross section of a representative volume consisting
of the subcells.

width, height, and length of the subcell, respectively. The volume
of the RVE is

V = (bh (28)

with

M
b= b,

N
h=Y hy

a=1 B=1

The constitutive equations for the medium of a subcell are given

either by Eqgs. (1-7) or by Eqgs. (8-14), depending on whether the

medium is a fiber or matrix. These equations can be expressedin a

compact form as

(X}op = [Z]aplY}ap (29)
in which

T
Kep = [0 o o o o o D]

Xy

T
Wy =[er eF eF ef et et E¥)

[C1*" —[e]
[Z]op = |: op :| , el =[eif e e 0 0 0]

le]” £33

and [C] is the matrix of elastic constants of the material of the
subcell. Note that, although the superscript f of the elements in
{X}ap, {Y}ap, [Z]up, and elsewhere indicate the subcell location, p
and m are to be used for «f according as the medium of the subcell
under consideration is a fiber or matrix, respectively, while [Z].g
and [e] are evaluated. Also, in the case of matrix material, [e] will
be a null vector.

In micromechanics, the effective properties are determined by
evaluating the properties of the repeating cells filled up with the
equivalent homogeneous materials. This amounts to volume aver-
aging of the quantity concerned. Thus, the volume average of the
strains and electric field in an RVE can be considered as the strains
and electric field of the composite. Consequently, the vector {Y}
containing the composite strains and electric field can be written as

M N
M= DD Vel (30)

a=18=1

Similarly, averaging the vectors {X},s over the volume of the RVE
results in the vector {X}, containing the stresses and electric dis-
placement for the composite, as follows:

M N
M =5 DD VarlX G1)

a=18=1

It is obvious that the matrix relating the vectors {X} and {Y} yields
the effective properties of PFRC. As in the case of the SM ap-
proach, the longitudinal strains in each subcell can be assumed to
be the same and equal to that of the composite. This implies perfect
bonding between the fiber phase and the matrix phase and leads to
the following MN number of equations:

e = ¢, a=1,2,....M, B=12,....N (32)
Also, for perfectly bonded materials, satisfaction of the conditions
for continuity of displacements along the subcell interfaces, as well
as along the interfaces between the representative volume elements,
yields the following 2(M + N) + 1 number of equations?®:

M
> b, e?=be,

a=1

N
> hy e=he.,
p=1

g=1,2,....N (33)

a=12,....M (34)
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M N
D buhp et =bhe,. (35)

a=1p8=1

N
> thyet =the,.,
p=1

M
> b, et =tbe,,,

a=1

a=1,2,....M  (36)

g=1,2,....N (37)

Because the electric field is constant along the z direction and is
assumed to be the same in both the fiber and matrix, the relation
betweenthe electric field in subcells and thatin cells leads to another
set of an MN number of equations, as follows:

E¥ =E., a=12,....M, B=12,....N (38
The continuity conditions for stresses at the interface between two
subcells, as well as between the neighboring RVE, must be main-
tained. They provide the following SMN —2(M + N) — 1 number
of equations?:

of =0t a=1,2,...M-1, B=12,...,N
(39)
o = Pt a=1,2,....M, B=12,...,N-1
(40)
of = o2tV a=1,2....M—1, B=12,...,N
(41)

a=1,2....M, p=12,...,N—-1
(42)

af _ _a(B+1)
0.y =0 ’

af — @+ Dp
Oy =0, ,

yx

a=12,... g=12,....N

(43)

a;‘if’=a;‘i,(5+l), a=M, B=12....N—1 (44
With the constitutiverelationsfor the fiber and matrix, the total 7TMN
number of equations given by Eqgs. (32-44), can be arranged in a
matrix form, as follows:

[Al{Y}, = [BI{Y)} (45)

in which {Y}, and {Y} are the vectors of subcell quantities taken to-
gether and of the composite quantities, respectively.[A] and [B] are
the matrices containing the coefficients of subcells and composite
quantities,respectively.Note that {Y}, is a vector containinga 7TMN
number of subcell quantities. Thus, the matrix [A] turns out to be a
square matrix, and the subcell quantities can be expressed in terms
of corresponding composite quantities, as follows:

(Y}, = [Al{Y} (46)

in which [A], = [A]"'[B]. The matrix [A]. can be treated as an
electromechanical concentration matrix. Partitioning [A]., one can
obtain the electromechanical concentration matrix for each subcell
[A]fﬁ . When this concentration matrix and Eq. (29) are used, the
following can be written:

(Y} = [A1P (Y} (47
{(Xap = [Z1up[AT Y} (48)

Finally, using Eq. (48) in Eq. (31), the constitutive relations for the
PFRC proposed in this study can be obtained, as follows:

(X} = [Z]{Y)} (49)

in which

1 M N
21= 5 2 D VislZloplAL (50)

a=1p8=1

The matrix [Z] contains the effective elastic and piezoelectric prop-
erties of the PFRC considered here.

Results and Discussion

The numerical values of the effective properties of the PFRC are
evaluated using the two methods of micromechanics discussed in
the precedingsection. Three differentcompositesof the same matrix
material have been considered for numerical results, and the values
of M and N are taken as two. The elastic and electric properties of
the fibers and matrix of the composites are given in Table 1. The
followingnondimensionalparametersare used to compare the effec-
tive piezoelectric coefficients of the PFRC with the corresponding
coefficients of the piezoelectric materials of the fibers:

— p€ P — ,C P — ,C V4
Rs = 931/931’ Rs, = 932/931’ Ry = 933/933 (5D

Figure 4 illustrates the variations of the ratio R3; between the effec-
tive piezoelectric constant e, and the piezoelectric constant of the
fiber e, with the fiber volume fraction. Displayed in Fig. 4 are the
predictions obtained by both the SM approach and the MOC for a
PZT5/polymercomposite.Note thatthe predictionsby both methods
are in excellent agreement in the useful range of fiber volume frac-
tions (0.3-0.7) and differ marginally when the fiber volume fraction
is in the range of 0.8-0.95. Figures 5 and 6 also illustrate the similar
predictions for PZT7A/polymer and PZT5H/polymer composites,
respectively. Note from Figs. 4-6 that, for the combinations of the
piezoelectric fiber and the polymer matrix considered in this study,
if the fiber volume fraction exceeds a critical fiber volume fraction,
the value of €5, becomes greater than the corresponding constant of
the piezoelectric fiber alone (R3; > 1). Because both methods pre-
dict almost identical results for e, it may be concluded that this
effective constant can be authentically used to model the PFRC as
distributed actuators.

Table 1 shows that each fiber material is characterized by the
magnitude of a ratio |e}, /€5, |. For a given fiber volume fraction V,

Table1 Material properties of fibers and matrix

Fiber/  Cy1, Cia, Ci3, Ci3, e31, e33, £33,
matrix GPa GPa GPa GPa C/m?> C/m’ |es3/e3| C/Vm
PZT-5 121 754 752 111 —54 158 293 7.35x 107
PZT-7A 148 762 742 131 —21 95 454 2.07x107°
PZT-5H 151 98 96 124 —51 27 5.3 13.27x 107
Epoxy 3.86 2.57 2.57 3.86 0 0 0 0.079x 10~°
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Fig. 4 Variation of the effective piezoelectric coefficient 5, of
PZT5/polymer composite with the fiber volume fraction.
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Fig.5 Variation of the effective piezoelectric coefficient 5, of PZT7A/
polymer composite with the fiber volume fraction.
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Fig.6 Variation of the effective piezoelectric coefficient e5, of PZTSH/
polymer composite with the fiber volume fraction.

an expression for €, /ey, can be derived from Eq. (24) as a linear
functionof |el, /el |. For the constituent materials of the PFRC con-
sidered here, note that the slope of the function is positive. Hence,
for a particular fiber volume fraction, the magnitude of the effective
piezoelectric coefficient e, increases with the increase in the mag-
nitude of the ratio |e},/e}, |, as shown in Fig. 7. The predictions of
the other effective piezoelectric constants e5, and e5; of the PFRC,
inducing normal stressesin the y and z directions, respectively,have
been presentedin Figs. 8 and 9 for PZT5H/polymer composite. The
MOC overpredicts the values of these constants as compared to SM
approach. Similar results are also obtained for two other composites
that are not shown here. The differencebetween the resultsfor e, by
both methods can be attributed to the fact that, while deriving the ef-
fective properties by the MOC, averagingis performed to obtain the
matrix [Z] as given by Eq. (50), from which the results for the corre-
spondingeffective property have been extracted. Equations (22) and
(23) also imply that averaging is employed in the SM approach to
derive the expressionfor o, leading to the derivationof the expres-
sion for €5, given by Eq. (24). The predictionof e, shows excellent
agreement with that by the MOC. However, the derivation of the
expression for o by the SM approach does not require averaging,
and, hence, the prediction of €5, by the SM approach differs from
thatby the MOC. However, note that the effective piezoelectriccon-
stant €5, is not as important as e5, because the actuation in the fiber
direction is the main concern for developing such piezocomposites.
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Fig.7 Influence of the magnitude of egsleg | on the effective piezoelec-
tric coefficient ¢5, of the PFRC. o
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Fig.8 Variation of the effective piezoelectric coefficient ¢, of PZTSH/
polymer composite with the fiber volume fraction.
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Fig.9 Variation of the effective piezoelectric coefficient 5, of PZTSH/
polymer composite with the fiber volume fraction.
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Fig. 10 Variation of the effective dielectric coefficient 5, of PZTSH/
polymer composite with the fiber volume fraction.
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Fig. 11 Variation of the effective elastic coefficients C{, and C; of
PZT5H/polymer composite with the fiber volume fraction.
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Fig. 12 Variation of the effective elastic coefficient C{, of PZTSH/
polymer composite with the fiber volume fraction.

The variation of effective dielectric constant €5, of the PFRC with
the fiber volume fraction can be seen in Fig. 10 for PZT5H/polymer
composite. Both methods are found to predict the same resultsin the
practical range (<0.8) of interest for the fiber volume fraction. All
of the effectiveelasticconstants Cj; of the PFRC can be easily found
once the matrix [Z] is evaluated for a particular fiber volume frac-
tion. Figures 11 and 12 show the predictions of three such effective
elastic constants of the PFRC. Note that the predictions by the two
methods differ negligibly from each other. The similar predictions
for the other effective elastic constants have also been obtained, but
are not shown here.

Conclusions

In this paper, micromechanical analyses have been carried out
to determine the effective coefficients of longitudinal PFRC. Two
methods of micromechanics have been employed to compare the
predictions. In the analyses, a constantelectric field is considered to
act only in the direction transverse to the fiber direction. The main
objective of the work was to determine the effective piezoelectric
constant e, of the PFRC that determines the actuating force in the
fiber directiondue to the constantelectricfield transverseto the fiber
direction.Predictions of this coefficient (e5, ) by both methods of mi-
cromechanicsare in excellentagreementin the useful range of fiber
volume fractions. For the materials of the piezoelectricfiber consid-
ered in this study, it has been found that, beyond a critical fiber vol-
ume fraction, this effective coefficient (e4,) significantly improves
over the corresponding coefficient of the piezoelectric material of
the fiber. This indicates that the piezoelectric materials, superior to
the existing monolithic one, can be tailored according to the design
requirement. The predictions for the other effective piezoelectric
constants, 5, and e$;, which measure actuations in the directions
transverse to the fiber, are also presented. The predictions of the
effective elastic constants and the dielectric constant by both meth-
ods differ negligibly. Because the present methods produce almost
identical predictionsof the mostimportanteffectivecoefficients (5,
C1,, and &3;) of the proposed PFRC, which allow the PFRC to be-
come distributed actuators for flexural vibration control, the present
micromechanical models may be reliably used to predict the effec-
tive coefficients of PFRC. Although the experimental verification of
the present work turns out to be beyond the scope of this paper, the
present investigations may be a stride toward developing new, effi-
cient smart materials and may serve as a reference for further work.
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